Abstract. The energy of a simple graph G arising in chemical physics, denoted by E(G), is defined as the sum of the absolute values of eigenvalues of G. As the dimer problem and spanning trees problem in statistical physics, in this paper we propose the energy per vertex problem for lattice systems. In general for a type of lattices in statistical physics, to compute the entropy constant with toroidal, cylindrical, Mobius-band, Kleinbottle, and free boundary conditions are different tasks with different hardness and may have different solution. We show that the energy per vertex of plane lattices is independent on the toroidal, cylindrical, Mobius-band, Klein-bottle, and free boundary conditions. Particularly, the asymptotic formulae of energies of the triangular, 3
Introduction
Throughout this paper, we suppose that G = (V (G), E(G)) is a simple graph with the vertex set V (G) = {v 1 , v 2 , · · · , v n } and the edge set E(G), if not specified. The adjacency matrix of G with n vertices, denoted by A(G) = (a ij ) n×n , is an n × n symmetric matrix such that a ij = 1 if vertices v i and v j are adjacent and 0 otherwise. The characteristic polynomial of G, denoted by φ(G, x), is defined as det(xI n −A(G)), where I n is an identity matrix of order n. Denote the degree of vertex v i of G by d G (v i ). If H is a subgraph of the energy of lattices from the statistical physics point of view. For the case of quadratic lattices, to compute the energy per vertex is an easy task as follows.
Suppose that G n , G ′ n , and G ′′ n are the plane square lattices with toroidal, cylindrical, and free boundary conditions, respectively. That is, G n = C n × C n , G ′ n = P n × C n , and G ′′ n = P n × P n , where C n and P n denote the cycle and the path with n vertices, and G × H is the Cartesian product of two graphs G and H. Obviously, {G ′′ n } is a sequence of spanning subgraphs of the sequence {G ′ n } of finite graphs, and {G ′ n } is a sequence of spanning subgraphs of the sequence {G n } of finite graphs. Particularly,
that is, almost all vertices of G n and G ′′ n (resp. G n and G ′ n ) have the same degrees. On the other hand, it is well known that the eigenvalues of G ′′ n (resp. G , i, j = 1, 2 . . . , n (resp. 2 cos 
(|2 cos 2iπ n + 2 cos 2jπ n |) The phenomenon above is not accidental. In this paper we obtain the asymptotic formulae of energies of triangular, 3 3 .4 2 , and hexagonal lattices with toroidal, cylindrical,
Mobius-band, Klein-bottle, and free boundary conditions. Our approach implies that in general the energy per vertex of plane lattices is independent of the boundary conditions.
2. The asymptotic energies of some lattices 2.1. Graph asymptotic energy change due to edge deletion. Let us record the following results firstly. Koolen and Moulton [12] proved that if 2m ≥ n and G is a graph on n vertices with m edges, then
and if 2m ≤ n and G is a graph on n vertices with m edges, then
The following result is immediate from (1) and (1 ′ ).
Proposition 2.1. Let G be a graph with m edges. Then
Day and So [3, 4] first studied how the energy of a graph changes when edges are removed. They found the following Lemma 2.2 (Day and So [3, 4] ). Let H be an induced subgraph of a graph G. Then
With a similar method, we can prove the following:
Given two graphs G and H
e., ∆(G, H) equals the number of edges of symmetric difference of E(G) and E(H).
Theorem 2.4. Suppose {G n } and {H n } are two sequences of graphs such that
By Lemma 2.3 and Proposition 2.1,
implying the theorem. 
That is, G n and G ′ n have the same asymptotic energy.
A direct sequence of Corollary 2.5 is that P n × P n , P n × C n , and C n × C n have the same asymptotic energy which is shown in the introduction. More generally, by Corollary 2.5, we have Remark 2.6. Suppose G i = P n or G i = C n , i = 1, 2, . . . , k, and k is a constant. If n is sufficiently large, then the asymptotic energy of the n-dimensional lattices
Remark 2.7. Corollary 2.5 gives a method to calculate the asymptotic energy of a graph with bounded average degree. Suppose that {G n } is a sequence of finite simple graphs with bounded average degree. It is difficult to calculate its asymptotic energy directly. We can find a graph G 
, the triangular lattice with cylindrical boundary condition, denoted by T c (n, m), is obtained (see Figure 1 (b)). If we delete the edges (a 1 , a *
, the triangular lattice with free boundary condition, denoted by T f (n, m) is obtained (see Figure 1(c) ). The asymptotic number of perfect matchings of T t (n, m) can be found in Wu [15] . The asymptotic number of spanning trees of T t (n, m) (resp. T c (n, m) and T f (n, m)) was obtained by Shrock and Wu [14] (resp. by Yan and Zhang [17] ).
Theorem 2.8. For the triangular lattices T t (n, m), T c (n, m), and T f (n, m) with toroidal, cylindrical, and free boundary conditions,
that is, the triangular lattices T t (n, m), T c (n, m), and T f (n, m) with toroidal, cylindrical, and free boundary conditions have the same asymptotic energy (≈ 2.065mn).
Proof. By definitions of 
It suffices to prove that
Let A(C m ) be the adjacency matrix of the cycle C m . By a suitable labelling of vertices of T t (n, m), the adjacency matrix A(T t (n, m)) of T t (n, m) has the following form:
where I n is the identity matrix of order n, M ⊗ N denotes the tensor product of two matrices M and N, and
. . , g n−1 } be the cyclic group of order n. Obviously, ρ : g i → B i n for 0 ≤ i ≤ n − 1 is a representation of this group. Note that the cyclic group of order n has exactly n (linear) characters χ i (i = 0, 1, . . . , n − 1) such that χ i (g) = ω i n , where ω n is the nth root of unitary. Hence there exists an invertible matrix Q n = ( (c) the 3 3 .4 2 lattice S f (n, 2m) with cylindrical boundary condition.
2.3. The 3 3 .4 2 lattice. The 3 3 .4 2 lattice S t (n, 2m) with toroidal boundary condition can be constructed by starting with a 2m × n square lattice and adding a diagonal edge connecting the vertices in, say, the upper left to the lower right corners of each square in every other row as shown in Figure 2(a) , where ) from S c (n, 2m), the 3 3 .4 2 lattice S f (n, 2m) with free boundary condition is obtained (see Figure 2(c) ). The asymptotic number of spanning trees of S t (n, 2m) (resp. S c (n, 2m) and T f (n, 2m)) was obtained by Chang and Wang [2] (resp. by Yan and Zhang [17] ).
Theorem 2.9. For the 3 3 .4 2 lattices S t (n, 2m), S c (n, 2m), and S f (n, 2m) with toroidal, cylindrical, and free boundary conditions, Proof. By definitions of S t (n, 2m), S c (n, 2m), and S f (n, 2m), S f (n, 2m) and S c (n, 2m) are spanning subgraphs of S t (n, 2m). Moreover, almost all vertices of S f (n, m) or S c (n, m)
are of degree 5. Hence, by Corollary 2.5,
It suffices to prove that Let A(C 2m ) be the adjacency matrix of the cycle C 2m . By a suitable labelling of vertices of S t (n, 2m), the adjacency matrix A(S t (n, 2m)) of S t (n, 2m) has the following form:
where I n is the identity matrix of order n, M ⊗ N denotes the tensor product of two (2, 3) , . . . , (n − 1, n), (n, 1) and b ij = 0 otherwise, and 1), (4, 3), (6, 5) , . . . , (2m, 2m − 1) and f ij = 0 otherwise.
It is not difficult to see that the above matrix is a block diagonal matrix whose diagonal
Hence the eigenvalues of A(S t (n, 2m)) are:
By the definition of the energy, If we delete edges (a 1 , b 1 ), (a 2 , b 2 ), . . . , (a m+1 , b m+1 ) from H c (n, m), then the hexagonal lattice, denoted by H f (n, m), with free boundary condition is obtained (see Figure 3(c) ).
The asymptotic number of perfect matchings of H t (n, m) can be found in Wu [15] . The asymptotic number of spanning trees of H t (n, m) (resp. H c (n, m) and H f (n, m)) was obtained by Shrock and Wu [14] (resp. by Yan and Zhang [17] 
It suffices to prove that lim n,m→∞ Let A(C 2m ) be the adjacency matrix of the cycle C 2m . By a suitable labelling of vertices
the following form:
where I n is the identity matrix of order n, M ⊗ N denotes the tensor product of two 
It is not difficult to see that the above matrix is a block diagonal matrix whose diagonal and we complete the proof of the theorem.
We would like to point out that the result of hexagonal lattice with toroidal boundary condition has been obtained in [8] by a different approach. 
CONCLUDING REMARKS
In this paper, we showed that for many types of lattices the energy per vertex of the plane lattices is independent of the boundary conditions. It is no difficulty to see that the conclusion is true in general. In fact our approach can be used widely. By using this conclusion we can convert some harder problem to easy one and get some results simultaneously. For example dealing with the problem of the asymptotic energy of the hexagonal lattice with the free boundary is not an easy task but we deduced it in a simple way. On the other hand, for the entropy of dimers the result is not true. In fact, Yan, Yeh,
